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(P) $\{\begin{array}{l}\eta_{t}-\kappa\triangle\eta+g(\eta)+\alpha’(\eta)|\nabla\theta|=0 in Q_{T}:=\Omega\cross(0, T),\alpha_{0}(\eta)\theta_{t}-\nu\triangle\theta-div(\alpha(\eta)\frac{\nabla\theta}{|\nabla\theta|})+\partial I_{[-\theta^{*},\theta^{*}]}(\theta)\ni 0 in Q_{T},\frac{\partial\eta}{\partial n}=0, \theta=0 on \Sigma_{T};=\Gamma\cross(0, T),\eta(x, 0)=\eta_{0}(x), \theta(x, 0)=\theta_{0}(x) for x\in\Omega.\end{array}$
$\Omega$ $R^{N}(N\geq 1)$ $\Gamma:=\partial\Omega$ $T$




$I_{[-\theta^{*},\theta^{*}]}()$ $n$ $\Gamma$ $\eta_{0}(x),$ $\theta_{0}(x)$




[5, 6, 7, 18, 19, 20, 21] Kobayashi
et al. [18] $\partial I_{[-\theta^{*},\theta^{*}]}(\cdot)$ 2 (P)
$(\eta, \theta)$ 2
[18, 19] $\Omega$ 2 $g(\eta)=\eta-1,$ $\alpha_{0}(\eta)=\alpha(\eta)=\eta^{2}$
$\partial I_{[-\theta^{*},\theta^{*}]}$ $()$ (P)
(P) $\alpha_{0}$ strictly positive
$\{\eta_{0)}\theta_{0}\}\in H^{1}(\Omega)\cross H_{0}^{1}(\Omega)$ [9, 10] Kobayashi-Warren-
Carter (cf. [18]), $\partial I_{[\theta^{*}]}-\theta_{)}^{*}(\cdot)$ (P)
1746 2011 1-21 1
$\alpha_{0}$
$(i.e. \alpha_{0}\geq 0)$ $\{\eta_{0}, \theta_{0}\}\in H^{1}(\Omega)\cross H_{0}^{1}(\Omega)$ $\Omega$
$R^{N}(1\leq N\leq 3)$ Kobayashi-Warren-Carter (cf. [18])
[11]
[12] (P) $\alpha_{0}$ strictly positive
$\{\eta_{0}, \theta_{0}\}\in L^{2}(\Omega)\cross L^{2}(\Omega)$ (P) 1
(P) $\{\eta_{0}, \theta_{0}\}\in H^{1}(\Omega)\cross H_{0}^{1}(\Omega)$ $\Omega$ 1
[16] (P)
(P) $\Omega$




(1) Banach $X$ $\Vert\cdot\Vert_{X}$
(2) $H:=L^{2}(\Omega)$ $(\cdot,$ $\cdot),$ $\Vert\cdot\Vert_{H}$ $H$ 2
$A,$ $B$ $H$ Hausdorff semi-distance
$dist_{H}(A, B):=\sup_{a\in A}\inf_{b\in B}\Vert a-b\Vert_{H}$
$L^{\infty}:=L^{\infty}(\Omega),$ $H^{1}:=H^{1}(\Omega)$ ,
$H_{0}^{1}:=H_{0}^{1}(\Omega),$ $H^{2}:=H^{2}(\Omega)$
(3) $\psi$ : $Harrow R\cup\{\infty\}$ $D(\psi):=\{z\in$
$H|\psi(z)<\infty\}$ $H$ $\psi$ $\partial\psi$ $\partial\psi$ $H$
$2^{H}$ $z^{*}\in\partial\psi(z)$
$z\in D(\psi)$ and $(z^{*}, y-z)\leq\psi(y)-\psi(z)$ for all $y\in H$
$\partial\psi$ $D(\partial\psi):=\{z\in H|\partial\psi(z)\neq\emptyset\}$
[3,15]
(4) $H\cross H$ $(\cdot,$ $\cdot)_{H\cross H}$ $\Vert\cdot\Vert_{H\cross H}$
$(\{a_{1}, a_{2}\}, \{b_{1}, b_{2}\})_{H\cross H}:=(a_{1}, b_{1})+(a_{2}, b_{2})$ ,
$\Vert\{a_{1}, a_{2}\}\Vert_{H\cross H}:=\sqrt{(\{a_{1},a_{2}\},\{a_{1},a_{2}\})_{H\cross H}}$
2
$H\cross H$ 2 $A,$ $B$ $H\cross H$
Hausdorff semi-distance
$dist_{H\cross H}(A, B):=$ $\sup$
$\{a_{1},a\}\in A\{b_{1},b_{2}\}\in B\inf_{2}\Vert\{a_{1}, a_{2}\}-\{b_{1}, b_{2}\}\Vert_{H\cross H}$
(Al) $\alpha_{0}$ $C^{2}(R)$- :
$\alpha_{0}\geq\delta_{0}$ on $R$ for a positive constant $\delta_{0}$ .
(A2) $\alpha$ $C^{1}(R)$- $\alpha’$ $R$
$\alpha’(0)=0$
(A3) $g$ $R$ Lipschitz
$g\leq$ Oon $(-\infty, 0]$ and $g\geq$ Oon $[1, \infty)$
$g$ Lipschitz $L(g)$ $g$ $\hat{g}$
$\sim$ $R$
(A4) $\kappa,$ $\nu,$ $\theta^{*}$
(A5) $\eta_{0}\in H$ $\theta_{0}\in H$ :
$0\leq\eta_{0}\leq 1$ a.e. on $\Omega$ and $|\theta_{0}|\leq\theta^{*}$ a.e. on $\Omega$ .
$D:=\{\{\eta_{0}, \theta_{0}\}|\theta_{0}\in Hwith|\theta_{0}|\leq\theta^{*}a.e.on\Omega\eta_{0}\in Hwith0\leq\eta_{0}\leq 1a.e.on\Omega,$ $\}$
$D_{0}:=\{\{\eta_{0}, \theta_{0}\}|\theta_{0}\in H_{0}^{1}with|\theta_{0}|\leq\theta^{*}a.e.on\Omega\eta_{0}\in H^{1}with0\leq\eta_{0}\leq 1a.e.on\Omega,$ $\}$
(P)
2.1. $0<T<\infty$
$\eta$ : $[0, T]arrow H$ $\theta$ : $[0, T]arrow H$ $\{\eta, \theta\}$
$\{\eta, \theta\}$ $\{\eta_{0}, \theta_{0}\}\in D$ (P) $[0, T]$
:
3
(i) $\eta\in C([0, T];H)\cap W_{loc}^{1,2}((0, T];H)\cap L_{loc}^{\infty}((0, T];H^{1})\cap L_{loc}^{2}((0, T];H^{2})$.
(ii) $\theta\in C([0, T];H)\cap W_{loc}^{1,2}((0, T];H)\cap L_{loc}^{\infty}((0, T];H_{0}^{1})$ , and $|\theta|\leq\theta^{*}$ a.e. on $Q_{T}$ .
(iii) :
$\eta’(t)-\kappa\triangle_{N}\eta(t)+g(\eta(t))+\alpha’(\eta(t))|\nabla\theta(t)|=0$ in $H$ for ae. $t\in(O, T)$ , (2.1)
$\eta’:=\frac{d\eta}{dt}$ $\triangle_{N}$ : $D( \triangle_{N}):=\{z\in H^{2};\frac{\partial z}{\partial n}=0 a.e. on \Gamma\}arrow H$
(iv) :
$(\alpha_{0}(\eta(t))\theta’(t), \theta(t)-z)+\nu(\nabla\theta(t), \nabla\theta(t)-\nabla z)$
$+ \int_{\Omega}\alpha(\eta(x, t))|\nabla\theta(x, t)|dx\leq\int_{\Omega}\alpha(\eta(x, t))|\nabla z(x)|dx$ (2.2)
for a.e. $t\in(0, T)$ and all $z\in H_{0}^{1}$ with $|z|\leq\theta^{*}$ a.e. in $\Omega$ .
$\theta’$
$:= \frac{d\theta}{dt}$
(v) $\eta(0)=\eta_{0}$ and $\theta(0)=\theta_{0}$ in $H$ .
$\eta$ : $[0, \infty)arrow H$ $\theta$ : $[0$ , oo $)arrow H$ $\{\eta, \theta\}$ (P)
$T>0$ $\{\eta, \theta\}$ (P) $[0, T]$
(2.2) (cf. [12, Section
3$])$ :
$\alpha_{0}(\eta(t))\theta’(t)+\partial\varphi(\eta(t);\theta(t))\ni 0$ in $H$ for a.e. $t\in(O, T)$ . (2.3)
$\varphi$ : $H\cross Harrow R\cup\{\infty\}$
$\varphi(w;z):=\{\begin{array}{l}\frac{\nu}{2}\Vert\nabla z\Vert_{H}^{2}+\int_{\Omega}\alpha(w(x))|\nabla z(x)|dx+\int_{\Omega}I_{[-\theta,\theta]}(z(x))dx if z\in H_{0}^{1},otherwise\end{array}$
$\infty$
(2.4)
$w\in H$ $\varphi(w;\cdot)$ : $Harrow R\cup\{\infty\}$






(P) 2 (23) [12,16] (P)
4
2.2 (cf. [12, Theorem 2.2], [16, Theorem 3.1]). (Al)$-(A5)$ $T$
2.1 (P) $[0, T]$ $\{\eta, \theta\}$ 1
$\eta$ :
$0\leq\eta\leq 1$ $a.e$ $on$ $Q_{T}$ . (2.5)
$\{\eta_{0}, \theta_{0}\}\in D$ $N_{0}$ :
$\sup_{t\geq 0}l^{t+1}\mathcal{F}(\eta(\tau), \theta(\tau))d\tau\leq N_{0}$ . (2.6)
$\mu\in(0,1]$ $\{\eta_{0}, \theta_{0}\}\in D$ $M_{\mu}$
:
$\Vert\eta’\Vert_{L^{2}(\mu,\infty;H)}^{2}+\Vert\sqrt{\alpha_{0}(\eta)}\theta’\Vert_{L^{2}(\mu,\infty;H)}^{2}+\sup_{t\geq\mu}\mathcal{F}(\eta(t), \theta(t))\leq M_{\mu}$ . (2.7)
(P) [16] :
2.3 (cf. [16, Theorem 2.2]). $(A1)-(A4)$ $\Omega$ 1
$\{\eta_{0}, \theta_{0}\}\in D_{0}$ 2.2 (P) $\{\eta, \theta\}$
$\partial I_{[-\theta^{*},\theta]}$ $($ . $)$ (P) [10, Theorem 2.2]
23 $\partial I_{[-\theta^{*},\theta^{*}]}(\theta)$ $\theta$ [10,
Theorem 2.2] 2.3 $\Omega$ 2




$\Omega$ $R^{N}(N\geq 1)$ $\{\eta_{0}, \theta_{0}\}\in D$
(P)
$tarrow\infty$ (P)
2.4 (cf. [16, Theorem 4.1]). (Al)$-(A5)$ $\{\eta, \theta\}$ (P)
$tarrow\infty$ $\{\eta(t), \theta(t)\}$ $\omega$ $\omega(\eta, \theta)$
$\omega(\eta, \theta):=\{\{\xi, \zeta\}\in H\cross H$ $\eta(t_{n})_{forsomet_{n}}arrow\xi inH,$ $witht_{n}\uparrow\infty\theta(t_{n})arrow\zeta inH$ $\}$





2.5 (cf. [16, Theorem 4.2]). (Al)$-(A5)$ ,
$g<0$ $on$ $[0,1)$ , $9(1)=\hat{g}(1)=0$ (2.8)
$\{\eta, \theta\}$ (P) $\{$ 1, $0\}$ (P)
$\eta(t)arrow 1$ $in$ $H^{1}$ , $\theta(t)arrow 0$ $in$ $H_{0}^{1}$ as $tarrow\infty$ (2.9)
(2.9) $\{\eta_{0}, \theta_{0}\}\in D$
3 (P)
(P) 22,23
$\{\eta_{0}, \theta_{0}\}\in D$ (P)
(P)
(P)
(P) $\{S(t)\}_{t\geq 0}$ $t\geq 0$
$S(t)$ $\{\eta_{0}, \theta_{0}\}\in D$ :
$S(t)\{\eta_{0}, \theta_{0}\}:=\{\{z, w\}\in D$
$\text{ ^{}\gamma_{c}}r$ $(P)$ $\#\yen-H$ $\#\#\{\eta, \theta\}l_{0^{\backslash ^{\backslash }}}\Gamma\neq 7f$
$\eta(0=\eta_{0},(0)=\theta_{0},\eta(t)=z,\theta(t)=\}\cdot$
(P) Translation invariance Concatenation invariance
:
(i) (Translation invariance) $\{\eta, \theta\}$ (P) $\tau\geq 0$
$\eta^{\tau}(t)$ $:=\eta(\tau+t)$ and $\theta^{\tau}(t)$ $:=\theta(\tau+t)$ for $t\in[0, \infty)$
$\{\eta^{\tau}, \theta^{\tau}\}$ (P) ;
(ii) (Concatenation inva ance) $\{\eta_{1}, \theta_{1}\},$ $\{\eta_{2}, \theta_{2}\}$
$\eta_{2}(0)=\eta_{1}(\tau)$ and $\theta_{2}(0)=\theta_{1}(\tau)$ for some $\tau\geq 0$
(P) $\tau$ $\{\eta_{1}, \theta_{1}\}$ $\{\eta_{2}, \theta_{2}\}$ concate-
nation
$\eta(t):=\{\begin{array}{ll}\eta_{1}(t) if t\in[0, \tau],\eta_{2}(t-\tau) if t\in(\tau, \infty),\end{array}$




(Sl) $S(O)=I$ (The identity) on $D$ .
(S2) $S(t+s)\{\eta_{0}, \theta_{0}\}=S(t)(S(s)\{\eta_{0}, \theta_{0}\})$ , $\forall\{\eta_{0}, \theta_{0}\}\in D,$ $\forall s,$ $t\in[0, \infty)$ .
$\{S(t)\}_{t\geq 0}$ $D$
$S(\cdot)\{\cdot,$ $\cdot\}$ closedness
3.1. $t_{n},$ $t\in[0, \infty)$ with $t_{n}arrow t_{\rangle}\{\eta_{0n}, \theta_{0n}\}\in D,$ $\{\eta_{0}, \theta_{0}\}\in D$ with $\eta 0_{n}arrow\eta 0$ in $H$ ,
$\theta_{0n}arrow\theta_{0}$ in $H$ $(as narrow\infty)$ $narrow\infty$ $\{z_{n}, w_{n}\}\in S(t_{n})\{\eta_{0n}, \theta_{0n}\}$
$\{z, w\}$ $H\cross H$ $\{z, w\}\in S(t)\{\eta_{0}, \theta_{0}\}$
$t_{n}arrow t$ $(as narrow\infty)$ $t,$ $t_{n}\in[0, T](n\in N)$
$T>0$
$\{z_{n}, w_{n}\}\in S(t_{n})\{\eta_{0n}, \theta_{0n}\}$
$\eta_{n}(t_{n})=z_{n}$ , $\theta_{n}(t_{n})=w_{n}$ , $\eta_{n}(0)=\eta_{0n}$ , $\theta_{n}(0)=\theta_{0n}$ (3.1)
(P) $\{\eta_{n}, \theta_{n}\}$
22 (2.7) $\mu\in(0,1]$ $\{\eta_{0n}, \theta_{0n}\}\in D$
$M_{\mu}$
$\Vert\eta_{n}’\Vert_{L^{2}(\mu,\infty;H)}^{2}+\Vert\sqrt{\alpha_{0}(\eta_{n})}\theta_{n}’\Vert_{L^{2}(\mu,\infty;H)}^{2}+\sup_{t\geq\mu}\mathcal{F}(\eta_{n}(t), \theta_{n}(t))\leq M_{\mu}$
[12, Section 5] $\mu$
$n_{k}arrow\infty$ $(as karrow\infty)$ ,
$\eta_{n_{k}}arrow\eta$ in $C([0, T];H)$ , $\theta_{n_{k}}arrow\theta$ in $C([0, T];H)$ as $karrow\infty$ (3.2)
$\{n_{k}\}\subset\{n\}$ $\eta\in C([0, T];H)\cap W_{loc}^{1,2}((0, T];H)\cap L_{loc}^{\infty}((0, T];H^{1})\cap$
$L_{lo}^{2}$ ( $(0, T];H^{2}),$ $\theta\in C([0, T];H)\cap W_{loc}^{1,2}((0, T];H)\cap L_{loc}^{\infty}((0, T];H_{0}^{1})$
$\{\eta, \theta\}$ $\{\eta_{0}, \theta_{0}\}\in D$ (P)
$z=\eta(t),$ $w=\theta(t)$ $\{z, w\}\in S(t)\{\eta_{0}, \theta_{0}\}$
$\epsilon$ $\eta\in C([0, T];H),$ $t_{n}karrow t$ as $karrow\infty$
$\Vert\eta(t_{n_{k}})-\eta(t)\Vert_{H}\leq\frac{\epsilon}{3}$ , $\forall k\geq K_{1\epsilon}$ (3.3)
$K_{1\epsilon}\in N$
(32)
$\Vert\eta_{n_{k}}-\eta\Vert_{C([0,T];H)}\leq\frac{\epsilon}{3}$ , $\forall k\geq K_{2\epsilon}$ (3.4)
$K_{2\epsilon}\in N$
$z_{n_{k}}arrow z$ in $H$ as $karrow\infty$
$\Vert z-z_{n_{k}}\Vert_{H}\leq\frac{\epsilon}{3}$ , $\forall k\geq K_{3\epsilon}$ (3.5)
7
$K_{3\epsilon}\in N$ $(3.1)-(3.5)$ :
$\Vert z-\eta(t)\Vert_{H}$ $\leq\Vert z-z_{n_{k}}\Vert_{H}+\Vert z_{n_{k}}-\eta(t_{n_{k}})\Vert_{H}+\Vert\eta(t_{n_{k}})-\eta(t)\Vert_{H}$
$=\Vert z-z_{n}k\Vert_{H}+\Vert\eta_{n}k(t_{n}k)-\eta(t_{n}k)\Vert_{H}+\Vert\eta(t_{n_{k}})-\eta(t)\Vert_{H}$
$\leq\Vert z-z_{n_{k}}\Vert_{H}+\Vert\eta_{n_{k}}-\eta\Vert_{C([0,T];H)}+\Vert\eta(t_{n_{k}})-\eta(t)\Vert_{H}$
$<^{\underline{\epsilon}}+^{\underline{\epsilon}}+^{\underline{\epsilon}}=\epsilon$ , $\forall k\geq K_{1\epsilon}+K_{2\epsilon}+K_{3\epsilon}$ .
$-3$ 3 3
$\epsilon$ $z=\eta(t)$
$w=\theta(t)$ $\{z, w\}\in S(t)\{\eta_{0}, \theta_{0}\}$ 3.1




(i) $\mu\in(0,1]$ $\mathcal{F}(\eta(t), \theta(t))$ $t\geq\mu$ (P)
$\{\eta(t), \theta(t)\}\in S(t)D$
(ii) $B_{0}(\subset D)$ :
$\sup_{\{z,w\}\in B_{0}}\mathcal{F}(z, w)<\infty$
and $S(t)D\subset B_{0}$ for $allt\geq 1$ . (3.6)
(2.7) (P) $\{\eta, \theta\}$ (2.7)
$M_{\mu}$ $\{\eta_{0}, \theta_{0}\}\in D$ (i) (2.7)
(ii) $B_{0}$ $:=\overline{conv}(S(1)D)$ $\overline{conv}(\cdot)$ $(\cdot)$
$H\cross H$
(2.7) $\mu=1$
$\sup_{\{z,w\}\in S(1)D}\mathcal{F}(z, w)\leq M_{1}$
$S(1)D$ $H\cross H$ $B_{0}$ $H\cross H$
(2.5) $\theta$ $($ cf. $\partial I_{1-\theta,\theta]}(\cdot))$ $t\geq 0$ $S(t)D\subset D$
(S2)





(i) $_{\infty}$ $H\cross H$ ;
(ii) $\epsilon>0$
$dist_{H\cross H}(S(t)\{z, w\}, _{\infty})<\epsilon$ for all $\{z, w\}\in D$ and $t\geq T_{\epsilon}$
$T_{\epsilon}>0$ ;
(iii) $S(t)_{\infty}=_{\infty}$ for any $t\geq 0$ .
3.4 $(i)-$(iii) $_{\infty}$ $\{S(t)\}_{t\geq 0}$
$_{\infty}$
34 3.1, 33 [8, 23] $\{S(t)\}_{t\geq 0}$
$d_{\infty}$
$_{\infty}:= \bigcap_{s\geq 0}\bigcup_{t\geq s}S(t)B_{0}$
(3.7)
$B_{0}$ 33 (ii)
Babin [2] Melnik and Valero [22] multivalued semi ow
[2,22] (P)
[2,22]




(P) (cf. 22) $B_{0}$ $_{\infty}$
$H\cross H$ 34 (i)
(ii) $B_{0}$
$dist_{H\cross H}(S(t)B_{0}, _{\infty})arrow 0$ as $tarrow\infty$ (3.8)
(3.8) $_{\infty}$ $B_{0}$
$\Vert\{z_{n}, w_{n}\}-\{x, y\}\Vert_{H\cross H}\geq\sigma_{0}$ , $\forall\{x, y\}\in _{\infty}$ (3.9)
9
$\sigma_{0}>0$ $\{t_{n}\}\subset[0, \infty)$ with $t_{n}\geq n,$ $\{\{\eta_{0n}, \theta_{0n}\}\}\subset B_{0},$ $\{\{z_{n}, w_{n}\}\}\subset$
$H\cross H$ with $\{z_{n}, w_{n}\}\in S(t_{n})\{\eta_{0n}, \theta_{0n}\}$
$B_{0}$ $H\cross H$ (3.6)
$S(t)B_{0}\subset B_{0}$ , $\forall t\geq 1$
$\{\{z_{n}, w_{n}\}\in H\cross H;\{z_{n}, w_{n}\}\in S(t_{n})\{\eta_{0n}, \theta_{0n}\}, n=1,2, \cdots\}$
$H\cross H$ $n_{k}arrow\infty$ $(as karrow\infty)$ ,
$\{z_{n_{k}}, w_{n_{k}}\}arrow\{z, w\}$ in $H\cross H$ as $karrow\infty$
$\{n_{k}\}\subset\{n\}$ $\{z, w\}\in H\cross H$




(iii) $t\geq 0$ $d_{\infty}\subset$ S(t)
$\{z, w\}$
$t_{n}\uparrow\infty$ and $\{z_{n}, w_{n}\}arrow\{z, w\}$ in $H\cross H$ as $narrow\infty$ (3.10)
$\{t_{n}\}\subset[0, \infty),$ $\{\{\eta_{on}, \theta_{0n}\}\}\subset B_{0},$ $\{\{z_{n}, w_{n}\}\}\subset H\cross H$ with $\{z_{n}, w_{n}\}\in$
$S(t_{n})\{\eta_{0n}, \theta_{0n}\}$ $B_{0}$
$S(\tau)B_{0}\subset B_{0}$ , $\forall\tau\geq 1$ (311)
$H\cross H$
$t\geq 0$ (S2)
$\{z_{n}, w_{n}\}\in S(t)S(t_{n}-t)\{\eta_{0n}, \theta_{0n}\}$ for any $n\in N$ with $t_{n}\geq t+1$
$\{z_{n}, w_{n}\}\in S(t)\{\tilde{z}_{n},\tilde{w}_{n}\}$ (3.12)
$\{\tilde{z}_{n},\tilde{w}_{n}\}\in S(t_{n}-t)\{\eta_{0n}, \theta_{0n}\}$ (3.11)
$\{\{\tilde{z}_{n},\tilde{w}_{n}\}\in H\cross H;n\in N$ with $t_{n}\geq t+1\}$ $H\cross H$
$n_{k}arrow\infty$ $(as karrow\infty)$ ,
$\{\tilde{z}_{k}n,\tilde{w}_{k}n\}arrow\{\tilde{z},\tilde{w}\}$ in $H\cross H$ as $karrow\infty$ (3.13)
10
$\{n_{k}\}\subset\{n\}$ $\{\tilde{z},\tilde{w}\}\in H\cross H$ $_{\infty}$ (3.7)
$\{\tilde{z},\tilde{w}\}\in _{\infty}$
3.1 $(3.10)-(3.13)$ ( $\{n_{k}\}$ ),
$\{z, w\}\in S(t)\{\tilde{z},\tilde{w}\}$
$\{z, w\}\in S(t)_{\infty}$
$_{\infty}\subset S(t)_{\infty}$ , $\forall t\geq 0$ (3.14)
$t\geq 0$ $S(t)_{\infty}\subset _{\infty}$ (3.14) $t\geq 0$
$S(t)_{\infty}\subset S(t)(S(\tau)_{\infty})=S(t+\tau)_{\infty}$ , $\forall\tau\geq 0$ (3.15)
$\{z, w\}$ $S(t)_{\infty}$ (3.15)
$\{z, w\}\in S(t+\tau_{n})\{z_{n}, w_{n}\}$
$\{\tau_{n}\}\subset[0, \infty)$ with $\tau_{n}\geq n$ $\{\{z_{n}, w_{n}\}\}\subset$ (3.7)
$\subset B_{0}$ 34 (ii)
$\{z, w\}\in _{\infty}$








(AC) $\{\begin{array}{ll}u_{t}-\kappa\triangle u+g(u)=0 in Q_{T}=\Omega\cross(0, T),\frac{\partial u}{\partial n}=0 on \Sigma_{T}=\Gamma\cross(0, T),u(x, 0)=u_{0}(x) for x\in\Omega.\end{array}$
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(AC)
$D_{*}:=\{u_{0}|u_{0}\in H$ with $0\leq u_{0}\leq 1$ a.e. on $\Omega\}$
(AC)
4.1. $0<T.<\infty$ uO $\in$ D $u$ : $[0, T]arrow H$
$u$ $u_{0}\in D_{*}$ (AC) $[0, T]$ :
(i) $u\in C([0, T];H)\cap W_{loc}^{1,2}((0, T];H)\cap L_{loc}^{\infty}((0, T];H^{1})\cap L_{loc}^{2}((0, T];H^{2})$ .
(ii) :
$u’(t)-\kappa\triangle_{N}u(t)+g(u(t))=$ Oin $H$ for ae. $t\in(O, T)$ . (4.1)
$u’:= \frac{du}{dt}$
(iii) $u(O)=u_{0}$ in $H$ .
$u$ : $[0, \infty)arrow H$ (AC) $T>0$ $u$
(AC) $[0, T]$
(AC)
42 cf. [3, 13] $)$ . (A3) $T$ $u_{0}\in D$
(AC) $[0, T]$ $u$
$0\leq u\leq 1$ $a.e$ on QT (42)
uO $\in$ D $\tilde{N}_{0}$
$\sup_{t\geq 0}\int_{t}^{t+1}\Vert\nabla u(\tau)\Vert_{H}^{2}d\tau\leq\tilde{N}_{0}$ (4.3)
$\mu\in(0,1]$ $u_{0}\in D_{*}$
$\overline{M}_{\mu}$ :
$\Vert u’\Vert_{L^{2}(\mu,\infty;H)}^{2}+\sup_{t\geq\mu}\Vert\nabla u(t)\Vert_{H}^{2}\leq\overline{M}_{\mu}$ . (4.4)
(cf. [3, 13]) (AC) $[0, T]$
$u$ $(2.5)-(2.7)$ $(4.2)-(4.4)$
(4.2) [10, Proposition 3.1] $(4.3)-(4.4)$
[13, Corollarys 1 and 2] [16, Theorem 3.1]
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42 (AC) $\{U(t)\}_{t\geq 0}$
$t\geq 0$ $U(t)$ : $D_{*}arrow D_{*}$
$U(t)u_{0}=u(t)$ , $u_{0}\in D_{*}$ (4.5)
$u$ $u_{0}\in D_{*}$ (AC)
$\{U(t)\}_{t\geq 0}$ D
$\{U(t)\}_{t\geq 0}$




$dist_{H}(U(t)z, _{*})<\epsilon$ for all $z\in D_{*}$ and $t\geq T$
$T_{\epsilon}>0$ ;
(iii) $U(t)_{*}=_{*}for$ any $t\geq 0$ .
42 (AC) $\{U(t)\}_{t\geq 0}$ $D_{*}$
$(4.2)-(4.4)$ (AC) (cf. [8, 13, 23])
$\{U(t)\}_{t\geq 0}$
$B_{*}:=\overline{conv}(U(1)D_{*})$ $H$ (cf.
3.3, (ii) $),$ $\{U(t)\}_{t\geq 0}$
$:= \bigcap_{s\geq 0}\bigcup_{t\geq s}U(t)B_{*}$
34 (P)
4.4. $(A1)-(A4)$ $_{\infty}$ 3.4 (P)
4.3 (AC)
$d_{*}\cross\{0\}\subset _{\infty}$
$\alpha_{0}$ $\alpha_{0}\equiv c_{0}$ for
some constant $c_{0}>0$ 1$\infty$ $=d_{*}\cross\{0\}$





46. 44 $T$ $\{\eta, \theta\}$ (P)
$\int_{0}^{T}\Vert\nabla\theta(t+s)\Vert_{H}^{2}dsarrow 0$ as $tarrow\infty$ (4.6)
(4.6) $\{\eta_{0}, \theta_{0}\}\in D$
(4.6) (4.6) $\sigma_{0}>0$
$\int_{0}^{T}\Vert\nabla\theta_{n}(t_{n}+s)\Vert_{H}^{2}ds\geq\sigma_{0}$ (4.7)
(P) $\{\{\eta_{n}, \theta_{n}\}\}$ $\{t_{n}\}\subset[0, \infty)$ with $t_{n}\geq n(n=$
1,2, $\cdot\cdot\cdot$ )
(P) (cf. (2.7)) $\{\eta_{n}, \theta_{n}\}$ $\{\eta_{0n}, \theta_{0n}\}\in$
$D_{0}$ (P) $\{\{\eta_{0n}, \theta_{0n}\}\}$ $H^{1}\cross H_{0}^{1}$
(cf. (2.7)),
$\eta_{0n}arrow\eta_{0}$ weakly in $H^{1}$ and weakly$*$ in $L^{\infty}$ as $narrow\infty$ ,
$\theta_{0n}arrow\theta_{0}$ weakly in $H_{0}^{1}$ and weakly’ in $L^{\infty}$ as $narrow\infty$
$\{\eta_{0}, \theta_{0}\}\in D_{0}$ [12, Section 5] $n_{k}arrow\infty$
as $karrow\infty$ , $T>0$
$\eta_{n_{k}}arrow\eta$ in $C([0, T];H)$ , in $L^{2}(0, T;H^{1})$ , weakly in $L^{2}(0, T;H^{2})$ ,
weakly in $W^{1,2}(0, T;H)$ , weakly$*$ in $L^{\infty}(0, T;H^{1})$ ,
and weakly$*$ in $L^{\infty}(Q_{T})$ as $karrow\infty$ ,
$\theta_{n_{k}}arrow\theta$ in $C([0, T];H)$ , in $L^{2}(0, T;H_{0}^{1})$ , weakly in $W^{1,2}(0, T;H)$ , (4.8)
weakly$*$ in $L^{\infty}(0, T;H_{0}^{1})$ and weakly$*$ in $L^{\infty}(Q_{T})$ as $karrow\infty$
$\{n_{k}\}\subset\{n\}$ $\{\eta_{0}, \theta_{0}\}\in D_{0}$ (P) $\{\eta, \theta\}$
$\eta\in C([0, T];H^{1})\cap W^{1,2}(0, T;H)\cap L^{2}(0, T;H^{2})\cap L^{\infty}(0, T;H^{1})\cap L^{\infty}(Q_{T})$ ,
$\theta\in W^{1,2}(0, T;H)\cap L^{\infty}(O, T;H_{0}^{1})\cap L^{\infty}(Q_{T})$
$\epsilon$
$\epsilon<(\frac{\nu\sigma}{8c}0\alpha)^{1/2}$ 2.4
$\Vert\theta(t)\Vert_{H}<\epsilon$ for all $t\geq T_{\epsilon}$ (4.9)
$T_{\epsilon}>0$ (4.8)
$\sup_{\tau\in[0,T_{\epsilon}]}\Vert\theta_{nk}(\tau)-\theta(\tau)\Vert_{H}<\epsilon$
, $\forall k\geq K_{\epsilon}$ (4.10)
$K_{\epsilon}\in N$
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$\alpha_{0}$ $\alpha_{0}\equiv c_{0}$ for some constant $c_{0}>0$
$\{\eta_{n_{k}}, \theta_{n_{k}}\}$ (P) (cf. (2.3)):
$(c_{0}\theta_{nk}’(\tau), \theta_{n}k(\tau)-v)+\varphi(\eta_{n_{k}}(\tau);\theta_{n_{k}}(\tau))\leq\varphi(\eta_{n_{k}}(\tau);v)$
for a.e. $\tau>0$ and any $v\in H_{0}^{1}$
$v=0$
$\frac{c_{0}}{2}\frac{d}{d\tau}\Vert\theta_{n_{k}}(\tau)\Vert_{H}^{2}+\varphi(\eta_{n}k(\tau);\theta_{n_{k}}(\tau))\leq 0$ for ae. $\tau>0$
$\tau$ $[s, t](0\leq s\leq t)$
$\frac{c_{0}}{2}\Vert\theta_{n_{k}}(t)\Vert_{H}^{2}+l^{t}\varphi(\eta_{n_{k}}(\tau);\theta_{n_{k}}(\tau))d\tau\leq\frac{c_{0}}{2}\Vert\theta_{n_{k}}(s)\Vert_{H}^{2}$
(4.11)




$\leq,\forall t\geq T_{\epsilon},\forall k\geq K_{\epsilon}\leq_{2\epsilon}\sup_{\tau\in[0,T_{\epsilon}]}\Vert\theta_{n_{k}}(\tau)-\theta(\tau)\Vert_{H}+\Vert\theta(T_{\epsilon})\Vert_{H}$
$t_{n_{k}}\geq T_{\epsilon}$ $k(\geq K_{\epsilon})$
$\Vert\theta_{n_{k}}(t_{n_{k}})\Vert_{H}\leq 2\epsilon$ (4.12)
(4.12) $\{t_{n_{k}}\}$ (4.11) $s=t_{n_{k}},$ $t=t_{n_{k}}+T$
$\frac{c_{0}}{2}\Vert\theta_{n_{k}}(t_{n_{k}}+T)\Vert_{H}^{2}+\int_{t_{n_{k}}}^{t_{n_{k}}+T}\varphi(\eta_{n_{k}}(\tau);\theta_{n_{k}}(\tau))d\tau\leq\frac{c_{0}}{2}\Vert\theta_{n_{k}}(t_{n_{k}})\Vert_{H}^{2}$ (4.13)




$\epsilon>0$ $t^{*}=t^{*}(T, \epsilon)\geq 1$ :
$\sup_{\tau\in[0,T]}\Vert\eta(\tau+t)-U(\tau)\eta(t)\Vert_{H}\leq\epsilon$
(4.15)





(P) $\{\{\eta_{n}, \theta_{n}\}\}$ $\{t_{n}\}\subset[0$ , oo $)$ with $t_{n}\geq n(n=$
1,2, $\cdot\cdot\cdot$ )
(25) (27) $\{\eta n(tn);n=1,2, \cdots\}$ $H$
$n_{k}arrow\infty$ as $karrow\infty$
$\eta_{n_{k}}(t_{n_{k}})arrow\tilde{\eta}_{0}$ in $H$ , weakly in $H^{1}$ and weakly$*$ in $L^{\infty}$ as $karrow\infty$ (4.17)
$\{n_{k}\}\subset\{n\}$ $\eta\sim$0 $\in$ D
2 :
$\{\begin{array}{l}u_{n_{k}}’(\tau)-\kappa\triangle_{N}u_{n_{k}}(\tau)+g(u_{n}k(\tau))=0 in H for a.e. \tau\in(0, T),u_{n_{k}}(0)=\eta_{n_{k}}(t_{n_{k}}) in H,\end{array}$ (4.18)
$\{\begin{array}{l}u’(\tau)-\kappa\triangle_{N}u(\tau)+g(u(\tau))=0 in H for a.e. \tau\in(0, T),u(0)=\tilde{\eta}_{0} in H.\end{array}$ (4.19)












for a.e. $\tau\geq 0$










46 (cf. (4.14)), $\sigma$
$\int_{0}^{T}\Vert\nabla\theta_{n_{k}}(\tau+t_{n_{k}})\Vert_{H}^{2}d\tau<\sigma$ for sufficient large $k\in N$
(4.17) (4.24)
$\sup_{\tau\in[0,T]}\Vert\eta_{n_{k}}(\tau+t_{n_{k}})-u(\tau)\Vert_{H}^{2}arrow 0$ as $karrow\infty$ (4.25)
(420) (425)
$\sup_{\tau\in[0,T]}\Vert\eta_{n_{k}}(\tau+t_{n_{k}})-u_{n_{k}}(\tau)\Vert_{H}^{2}arrow 0$ as $karrow\infty$
$u_{n_{k}}(\tau)=U(\tau)\eta_{n_{k}}(t_{n_{k}})$ (4.16) (4.15)
44 $\cross\{0\}\subset _{\infty}$ $\{\xi, 0\}$ $_{*}\cross\{0\}$
$U(t_{n})\eta_{0n}arrow\xi$ $in$ $H$ as $narrow\infty$ (4.26)
$\{\eta_{0n}\}\subset B_{*}(\subset D_{*})$ $\{t_{n}\}\subset[0, \infty)$ with $t_{n}\geq n(n=1,2, \cdots)$
$t\geq 0$ $\eta_{n}(t):=U(t)\eta_{0n}$ $\eta_{n}$
$\{\begin{array}{l}\eta_{n}’(t)-\kappa\triangle_{N}\eta_{n}(t)+g(\eta_{n}(t))+\alpha’(\eta_{n}(t))|\nabla 0|=0 in H for ae. t>0,\eta_{n}(0)=\eta_{0n} in H\end{array}$ (4.27)
0
$\partial\varphi(\eta_{n}(t);0)\ni 0$ in $H$ for ae. $t>0$ (4.28)
0 (23) (427)
(4.28) $\{\eta_{n}(t), 0\}=\{U(t)\eta_{on}, 0\}$ $\{\eta_{on}, 0\}\in Do$ (P)
$S(t_{n})\{\eta_{0n}, 0\}\ni\{U(t_{n})\eta_{0n}, 0\}$
17
(S2) $S(t_{n})\{\eta_{on}, 0\}=S(t_{n}-1)S(1)\{\eta_{0n}, 0\}$
$\{U(t_{n})\eta_{0n}, 0\}\in S(t_{n}-1)\{\tilde{\eta}_{n},\tilde{\theta}_{n}\}$ and {fin, $\tilde{\theta}_{n}$ } $\in S(1)\{\eta_{on}, 0\}$
$\{\{\tilde{\eta}_{n},\tilde{\theta}_{n}\}\}\subset B_{0}$ (3.7), (4.26)
$\{\xi, 0\}\in _{\infty}=\bigcap_{s\geq 0}\bigcup_{t\geq s}S(t)B_{0}$
$d_{*}\cross\{0\}\subset _{\infty}$
$\subset d_{*}\cross\{0\}$ $\alpha_{0}$
$\alpha_{0}\equiv c_{0}$ for some constant $C_{0}>0$ (P)
$\{\xi, \zeta\}$
$d_{\infty}$ (3.7)
$S(t_{n})\{\eta_{0n}, \theta_{0n}\}arrow\{\xi, \zeta\}$ in $H\cross H$ as $narrow\infty$ (4.29)
$\{\{\eta_{0n}, \theta_{0n}\}\}\subset B_{0}$ $\{t_{n}\}\subset[0$ , oo $)$ with $t_{n}\geq n(n=1,2, \cdots)$
$t\geq 0$ $\{\eta_{n}(t), \theta_{n}(t)\}:=S(t)\{\eta_{0n}, \theta_{0n}\}$
$\epsilon$ 46 (4.12)
$\Vert\theta_{n}(t_{n})\Vert_{H}<\epsilon$ , $\forall n\geq N_{1\epsilon}$
$N_{1\epsilon}\in N$ (4.29)
$(=0$ in $H$ (430)
(AC) $\epsilon>0$
$dist_{H}(U(\tau)u_{0}, d_{*})\leq\frac{\epsilon}{3}$ for all $u_{0}\in D_{*}$ and $\tau\geq\tau_{0}$ (4.31)
$\tau_{0}=\tau_{0}(\epsilon)>0$
(4.29)
$\{\begin{array}{l}\tilde{t}_{n}:=t_{n}-\tau_{0}\geq 0, \forall n\geq N_{2\epsilon},\Vert\eta_{n}(\tilde{t}_{n}+\tau_{0})-\xi\Vert_{H}<^{\underline{\epsilon}} \forall n\geq N_{2\epsilon}\end{array}$
3’
(4.32)
$N_{2\epsilon}\in N$ $n\geq N_{2\epsilon}$ $n$
$\eta_{n}(\tilde{t}_{n})\in D_{*}$ (4.31)
$dist_{H}(U(\tau_{0})\eta_{n}(\tilde{t}_{n}), d$ $) \leq\frac{\epsilon}{3}$ , $\forall n\geq N_{2\epsilon}$ (4.33)
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$T=\tau_{0}$ 47 $n$ $t^{*}=t^{*}(\tau_{0}, \epsilon)\geq$
1
$\sup_{\tau\in[0,\tau_{0}]}\Vert\eta_{n}(\tau+t)-U(\tau)\eta_{n}(t)\Vert_{H}\leq\frac{\epsilon}{3}$, $\forall t\geq t^{*}$ (4.34)
$t^{*}$
$\tilde{t}_{n}:=t_{n}-\tau_{0}\geq t_{)}^{*}$ $\forall n\geq N_{3\epsilon}$
$N_{3\epsilon}\in N$ (4.34)




$\leq\frac{\epsilon}{3}+\frac{\epsilon}{3}+\frac{\epsilon}{3}=\epsilon$, $\forall n\geq N_{2\epsilon}+N_{3\epsilon}$
$\xi\in$ (4.36)
(4.30) (4.36) $\{\xi, \zeta\}=\{\xi, 0\}\in$ $\cross\{0\}$
$_{\infty}$ $\cross\{0\}$
44
4.5 2.5 (cf. [16, Theorem 4.2]) $g$
(P) (2.8) $\{\eta, \theta\}$ (P)
{1,0} (P)
$\eta(t)arrow$ lin $H^{1}$ , $\theta(t)arrow 0inH_{0}^{1}$ as $tarrow\infty$ (437)
(4.37) $\{\eta_{0}, \theta_{0}\}\in D$
(4.37) $_{\infty}$ $\{\xi, \zeta\}$
$\xi=$ lin $H$ , $\zeta=0inH$
$_{*}=\{1\}$ $_{\infty}=_{*}\cross\{0\}=\{1\}\cross\{0\}$
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